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THE FLUX HOMOMORPHISM ON CLOSED
HYPERBOLIC SURFACES AND ANTI-DE SITTER
THREE-DIMENSIONAL GEOMETRY
ANDREA SEPPI
Abstract. Given a smooth spacelike surface Σ of negative curvature
in Anti-de Sitter space of dimension 3, invariant by a representation
ρ : pi1(S) → PSL2R × PSL2R where S is a closed oriented surface of
genus ≥ 2, a canonical construction associates to Σ a diffeomorphism
φΣ of S. It turns out that φΣ is a symplectomorphism for the area forms
of the two hyperbolic metrics h and h′ on S induced by the action of ρ
on H2 × H2. Using an algebraic construction related to the flux homo-
morphism, we give a new proof of the fact that φΣ is the composition
of a Hamiltonian symplectomorphism of (S, h) and the unique minimal
Lagrangian diffeomorphism from (S,h) to (S, h′).
1. Introduction
Anti-de Sitter space is a real Lorentzian three-manifold of constant neg-
ative sectional curvature, which can be defined as the Lie group PSL2R
endowed with the Lorentzian metric induced by the Killing form. In re-
cent times, since the groundbreaking paper [Mes07] of Mess, its study has
spread widely, mostly motivated by the relations between Anti-de Sitter
space (which is denoted AdS3) and Teichmu¨ller theory of hyperbolic sur-
faces — and the present paper lies in this research direction as well.
Let us explain one of the instances of this relation. A remarkable con-
struction permits to associate to a smooth spacelike surface Σ (topologically
a disc) in AdS3 a submanifold ΛΣ of H
2 × H2, where H2 is the hyperbolic
plane. This is essentially due to the fact that the space of timelike lines of
AdS3 is identified to H2×H2. Hence the submanifold ΛΣ is the set of time-
like lines orthogonal to Σ — roughly speaking, the analogue of the Gauss
map in this context.
It turns out, as observed in [Bar16] and [BS17], that ΛΣ is always a
Lagrangian submanifold, for the symplectic structure which makes H2× H¯2
a Ka¨hler manifold, namely Ω = (π∗l ΩH2 − π
∗
rΩH2), where ΩH2 is the area
form of H2, πl, πr are the projections to each factor of H
2 × H¯2, and H¯2
denotes H2 endowed with the opposite orientation. There are two classes of
particular cases of this construction:
• If Σ has negative curvature, then ΛΣ is the graph of a symplecto-
morphism φΣ of (H
2,ΩH2) — this is the prototype of Lagrangian
submanifolds of H2 ×H2. This case was first considered in [KS07].
• If Σ = Σ0 has vanishing mean curvature (also called maximal, which
implies negative curvature), then φΣ0 is minimal Lagrangian, that
is, it is a symplectomorphism and its graph is a minimal surface in
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the Riemannian product H2×H2. See [BS10, Tor07, BBZ07, Sep17,
Sep16] for results in this direction.
From the results of [Bar16] and [BS16], it follows that being Lagrangian
is essentially the only obstruction to inverting this construction, namely to
realizing a submanifold of H2 × H2 as the image of the Gauss map of a
spacelike surface in AdS3.
However, the situation is extremely more interesting when we consider
cocompact actions. More precisely, let S be a closed oriented surface of
negative Euler characteristic. Suppose Σ is invariant by an action of the
group π1(S), which preserves the orientation and the time-orientation of
AdS3. This produces therefore a representation ρ of π1(S) in the isometry
group Isom(AdS3), which (from the definition of AdS3 as PSL2R endowed
with the bi-invariant metric) is naturally isomorphic to PSL2R × PSL2R.
By the theory developed in [Mes07], it turns out that ρ = (ρl, ρr) where
ρl and ρr are Fuchsian representations — that is, ρl(π1(S)) and ρr(π1(S))
act freely and properly discontinuously on H2, with quotient a hyperbolic
surface homeomorphic to S.
Let us identify the two quotient hyperbolic surfaces H2/ρl(π1(S)) and
H2/ρr(π1(S)) by (S, hl) and (S, hr) respectively, where hl and hr are hyper-
bolic metrics on S. Then the Lagrangian submanifold ΛΣ ofH
2×H2 descends
to a Lagrangian submanifold in the quotient (S × S, hl ⊕ hr). In particu-
lar, if the cocompact surface Σ has negative curvature, then φΣ induces a
symplectomorphism, which we denote again by φΣ : (S,Ωhl) → (S,Ωhr).
On the other hand, again by the work of Mess, whenever one picks two
Fuchsian representations ρl and ρr, there is abundance of embedded sur-
faces Σ ⊂ AdS3 on which π1(S) acts freely and properly discontinuously
by means of the representation ρ = (ρl, ρr) : π1(S) → PSL2R × PSL2R.
For instance, there always exists a (unique) invariant maximal surface Σ0
(i.e. of vanishing mean curvature, see [BBZ07]), which induces the minimal
Lagrangian diffeomorphism isotopic to the identity:
φΣ0 = φML : (S, hl)→ (S, hr) .
It was already known from the results of [Lab92] and [Sch93] that such a
minimal Lagrangian diffeomorphism φML exists and is unique, for any two
closed hyperbolic surfaces (S, hl) and (S, hr).
Hence it is a natural question to characterize the symplectomorphisms
φΣ =: (S,Ωhl)→ (S,Ωhr) ,
which arise as the symplectomorphism associated to a cocompact surface Σ
in AdS3. The main result of this paper is a new proof of the following:
Theorem. Let ρl, ρr : π1(S)→ PSL2R be Fuchsian representations and let
Σ ⊂ AdS3 be a smooth, embedded spacelike surface invariant for the repre-
sentation ρ = (ρl, ρr) : π1(S) → Isom0(AdS
3), whose curvature is negative.
Then
φΣ = φML ◦ ψ ,
where
• φΣ : (S,Ωhl)→ (S,Ωhr) is the diffeomorphism associated to Σ;
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• φML : (S, hl)→ (S, hr) is the unique minimal Lagrangian diffeomor-
phism isotopic to the identity;
• ψ is a Hamiltonian symplectomorphism, for the area form Ωhl.
Given a symplectic manifold (M,Ω), a symplectomorphism ψ : (M,Ω)→
(M,Ω) is Hamiltonian if there exists an isotopy ψt with ψ0 = id and ψ1 = ψ
and a smooth family of functions Ht : M → R such that the generating
vector field Xt of the isotopy ψt is the symplectic gradient of Ht for every t.
It turns out that Hamiltonian symplectomorphisms form a group, denoted
Ham(M,Ω).
The above theorem is actually a consequence of the main result in [BS17],
where it was proved that any submanifold ΛΣ associated to an invariant
surface Σ is in the same Ham(S×S, π∗l Ωhl−π
∗
rΩhr)-orbit of the submanifold
graph(φML). This implies that, when Σ has negative curvature, and therefore
ΛΣ is the graph of the symplectomorphism φΣ : (S,Ωhl) → (S,Ωhr), then
φΣ and φML differ by a Hamiltonian symplectomorphism of (S,Ωhl).
However, we provide here a new proof, when Σ has negative curvature.
This relies on the construction of a map Ch,h′, defined on Symp0(S,Ωh,Ωh′)
with values in the quotient of the de Rham cohomology group H1dR(S,R)
∼=
Hom(π1(S),R) by the discrete subgroup of 1-forms with periods integer mul-
tiples of 2π, which is identified to Hom(π1(S), 2πZ). This map is given by
a rather algebraic construction, which involves differential-geometric invari-
ants of the two hyperbolic surfaces h and h′. Hence a priori it depends
on the choice of the two hyperbolic metrics. However, we then show that,
when h = h′, this map coincides with the so-called flux homomorphism (see
[Cal70], [Ban78] and [MS98, Chapter 6]):
Flux : Symp0(S,Ω)→ H
1
dR(S,R) ,
post-composed with the projection to the quotient of H1dR(S,R) by the sub-
space Hom(π1(S), 2πZ). In particular, when h = h
′, then the map Ch,h
turns out to be a homomorphism (this is proved directly, and is an impor-
tant step of the proof), and only depends on the area form of h. The proof
of the main theorem then follows from interpreting such map Ch,h′ in terms
of Anti-de Sitter geometry, and showing essentially that it vanishes when
the symplectomorphism φΣ is associated to an invariant spacelike surface Σ.
One then obtains our main result as a consequence of the classical fact that
the group of Hamiltonian symplectomorphisms Ham(M,Ω) is exactly the
kernel of the flux homomorphism Flux, applied to the symplectic manifold
(M,Ω) = (S,Ωhl).
The paper then terminates with some remarks about the converse state-
ment of our main theorem. Namely, given φ of the form φML ◦ ψ, for
ψ ∈ Ham(S,Ωhl), one can construct an invariant surface Σ in AdS
3, which is
the candidate to be a surface such that φΣ = φ. This is indeed the case if Σ
is embedded. However, such surface Σ will in general develop singularities.
Although this generality is not considered here, in [BS17] it was showed that
one can always construct a smooth lift of Σ to the unit tangent bundle of
the universal cover of AdS3, thus partially reversing the implication proved
here.
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2. Algebraic construction for the flux homomorphism
In this paper, S will denote a closed oriented surface of Euler character-
istic χ(S) < 0. Moreover, we will usually fix two hyperbolic metrics (i.e.
Riemannian metrics of constant curvature −1) h and h′ on S.
In the first section, we will recall the classical definition of flux homomor-
phism, for a symplectic surface (S,Ω), from the point of view of symplectic
geometry. Then we will give the definition of the alternative map Ch,h′ which
a priori depends on the choice of hyperbolic metrics h and h′ on S. We will
study some of its properties, for instance the fact that it is a homomorphism
in the case h = h′, and we will show that the two homomorphisms essentially
coincide in this case.
The flux homomorphism. In the definitions below, we will only suppose
that S is a closed oriented surface endowed with a symplectic form Ω. Later,
we will consider Ω = Ωh as the area form induced by a hyperbolic metric
h. Let us denote by Symp0(S,Ω) the group of symplectomorphisms ψ :
(S,Ω)→ (S,Ω) isotopic to the identity.
Let us recall the definition of Hamiltonian symplectomorphisms (see [MS98,
Chapter 6] as a reference):
Definition 2.1. Let (S,Ω) be a closed symplectic manifold. Then a sym-
plectomorphism ψ : (S,Ω)→ (S,Ω) is Hamiltonian if there exists a smooth
isotopy
ψ• : [0, 1]→ Symp0(S,Ω) ,
with ψ0 = id and ψ1 = ψ, and a smooth map
H• : [0, 1] × S → R ,
such that (if we denote Ht(p) = H(t, p)):
Ω(Xt, ·) = dHt ,
where Xt is the generating vector field of the isotopy ψt, namely:
d
dt
ψt = Xt ◦ ψt .
It turns out that the space of Hamiltonian symplectomorphisms is a group,
which we denote by Ham(S,Ω). Let us now define the flux homomorphism
Flux : Symp0(S,Ω)→ H
1
dR(S,R) .
Definition 2.2. Given a symplectomorphism ψ : (S,Ω) → (S,Ω) isotopic
to the identity, take an isotopy ψt with ψ0 = id and ψ1 = ψ, and define
Flux(ψ) =
∫ 1
0
[Ω(Xt, ·)]dt ∈ H
1
dR(S,R) ,
where Xt is the generating vector field of the isotopy ψt, namely:
d
dt
ψt = Xt ◦ ψt .
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It turns out that, if there exists a homotopy in Symp0(S,Ω) between the
two paths
ψ•, ψ
′
• : [0, 1]→ Symp0(S,Ω)
with fixed endpoints, then the value of Flux(ψ) does not change. Since
the group Symp0(S,Ω) is simply connected, see [Pol01, Section 7.2], Flux is
well-defined on Symp0(S,Ω). In fact, by the Moser isotopy argument (see
[McD04]), the inclusion of Symp(S,Ω) into Diff(S) is a homotopy equiva-
lence, and Diff0(S) is contractible by [EE67].
The flux homomorphism provides the following characterization of Hamil-
tonian symplectomorphisms:
Theorem 2.3. The sequence
1 // Ham(S,Ω)
i
// Symp0(S,Ω)
Flux
// H1dR(S,R)
// 1
is a short exact sequence of groups. In particular, a symplectomorphisms
ψ : (S,Ω)→ (S,Ω) is Hamiltonian if and only if Flux(ψ) = 0.
An alternative homomorphism. Let us now fix two hyperbolic metrics
h and h′ on S, let Ωh and Ωh′ be the area forms induced by h and h
′, and
let ψ : (S,Ωh)→ (S,Ωh′) be a symplectomorphism.
We denote by Isom(TS,ψ∗h′, h) the subbundle of the bundle End(TS),
whose fibers over x ∈ S are linear orientation-preserving automorphisms of
TxS which are isometries between the metrics ψ
∗h′ and h.
Now, given a symplectomorphism ψ and a smooth section b of the bundle
Isom(TS,ψ∗h′, h), we will define a smooth 1-form
ηψ,b ∈ Z
1
dR(S,R) .
The 1-form ηψ,b will a priori depend on the hyperbolic metrics h, h
′, even
when h and h′ coincide.
We start by defining the 1-form locally. Let {v1, v2} be an oriented or-
thonormal frame for h, on an open subset U of S, and let ω be the associated
connection form for the Levi-Civita connection ∇ of h, which is defined by:
∇vv1 = ω(v)v2 .
Analogously, since ψ∗h′ = h(b·, b·), let ω′ be the connection form associated
to the oriented ψ∗h′-orthonormal frame {v′1, v
′
2} := {b
−1v1, b
−1v2} and to
the Levi-Civita connection ∇′ of ψ∗h′, that is:
∇′v(b
−1v1) = ω
′(v)(b−1v2) .
Then define
ηψ,b = ω
′ − ω .
The following lemma shows that this definition does not depend on the
choice of the orthonormal frame, and therefore this local definition provides
a well-defined global 1-form on S.
Lemma 2.4. The definition of ηψ,b does not depend on the choice of the
oriented orthonormal frame v1, v2.
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Proof. Let {v̂1, v̂2} be another oriented orthonormal frame for h, on the open
set U , which we can assume simply connected. Then there exists a smooth
function θ : U → R (unique up to multiples of 2π) such that
v̂i = Rθ(vi) ,
where Rθ ∈ Γ
∞(U, Isom(TS, h)) is the section given, at every point x ∈ U ,
by counterclockwise rotation fixing x of angle θ for the metric h. By a direct
computation,
∇v v̂1 = Rθ∇vv1 + dθ(v)JhRθv1 ,
where Jh = Rpi/2 is the almost-complex structure of h. Hence
ω̂(v) = h(∇v v̂1, v̂2) = h(Rθ∇vv1, Rθv2)+dθ(v)h(Rθv2, Rθv2) = ω(v)+dθ(v) .
Observing that, since ψ∗h′ = h(b·, b·), the rotation R′θ for the metric ψ
∗h′
coincides with b−1Rθb, the orthonormal frame {v̂
′
1, v̂
′
2} is {R
′
θv
′
1, R
′
θv
′
2}, and
thus by the same computation:
ω̂′(v) = ω′(v) + dθ(v) .
Therefore ω̂′ − ω̂ = ω′ − ω on U , and this concludes the proof. 
Hence we defined a 1-form ηψ,b associated to the pair (ψ, b). Let us show
that this form is closed:
Lemma 2.5. The 1-form ηψ,b is closed.
Proof. By the well-known formula for the curvature form, one has
dω = −Ωh ,
and analogously
dω′ = −Ωψ∗h′ = −Ωh ,
since ψ is a symplectomorphism. Therefore dηψ,b = dω
′ − dω = 0. 
Unfortunately, the cohomology class of ηψ,b defined in this way is not
independent of the choice of b, once the symplectomorphism ψ isotopic to
the identity is fixed. However, it can only differ in a controlled way, namely
by cohomology classes with integer periods:
Lemma 2.6. Let b and b̂ be smooth sections of Isom(TS,ψ∗h′, h). Then
[ηψ,b]− [ηψ,̂b] ∈ H
1
dR(S, 2πZ) .
Let us first explain the meaning of H1dR(S, 2πZ). Recall that there is a
standard isomorphism e : H1dR(S,R)→ Hom(π1(S),R), which is defined by
e([η]) : [γ] 7→
∫
γ
η .
Then we denote H1dR(S, 2πZ) as the subgroup of H
1
dR(S,R) such that
H1dR(S, 2πZ) = e
−1(Hom(π1(S), 2πZ)) .
That is, H1dR(S, 2πZ) consists of cohomology classes of 1-forms with periods
which are integer multiples of 2π.
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Proof of Lemma 2.6. Given b and b̂, there exists a smooth function ϑ : S →
S1 such that b̂ = Rϑ ◦ b. Consider the composition of vector space homo-
morphisms
C∞(S,S1) // H1dR(S,R)
e
// Hom(π1(S),R)
where the first arrow is
ϑ 7→ [dϑ] ,
as dϑ is locally well-defined as a 1-form.
Let us observe that the composition
F : C∞(S,S1)→ Hom(π1(S),R)
can be expressed as
F (ϑ) = 2πϑ∗ : π1(S)→ R ,
where ϑ∗ is the map induced by ϑ from π1(S) to π1(S
1) ∼= Z < R. Hence F
has image in Hom(π1(S), 2πZ).
Now, pick an oriented orthonormal frame {v1, v2} for h. Then let ω̂
′ be
the connection form of ψ∗h′ with respect to the frame
{v̂′1, v̂
′
2} = {b̂
−1v1, b̂
−1v2} = {b
−1R−ϑv1, b
−1R−ϑv2} ,
which coincides with
{R′−ϑb
−1v1, R
′
−ϑb
−1v2} = {R
′
−ϑv
′
1, R
′
−ϑv
′
2} .
If ω′ is the connection form of ψ∗h′ with respect to the frame {v′1, v
′
2}, by
the same computation as in Lemma 2.4, we have ω̂′ = ω′−dϑ. Therefore ηψ,b
and ηψ,b′ differ by the 1-form dϑ, which has integer coefficients as remarked
above. 
Remark 2.7. From the construction in the above proof, it follows that, given
b and b̂, [ηψ,b] = [ηψ,̂b] in H
1
dR(S,R) if and only if
b̂ = Rθ ◦ b
for θ : S → R. That is, if and only if the function ϑ : S → S1 above can be
lifted to a R-valued map.
Lemma 2.6 enables us to give the following definition:
Definition 2.8. Given two hyperbolic metrics h and h′ on S with area
forms Ωh and Ωh′ , we define
Ch,h′ : Symp0(S,Ωh,Ωh′)→ H
1
dR(S,R)/H
1
dR(S, 2πZ)
by Ch,h′(ψ) := [ηψ,b], where b is any smooth section of Isom(TS,ψ
∗h′, h).
Some properties of the 1-form ηψ,b. We will now derive an equivalent
expression for the previously defined 1-form ηψ,b, which will be used later.
Lemma 2.9. Let h be a hyperbolic metric on S, let b ∈ Γ∞(End(TS)) non-
singular. If ∇ is the Levi-Civita connection of h and ∇′ is the Levi-Civita
connection of h′ = h(b·, b·), then:
(1) ∇′vw = b
−1∇vb(w) + α(v)Jh′(w) ,
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where Jh′ is the almost-complex structure induced by the metric h
′ and α is
the 1-form defined by
α(v) = h(b−1Jh(⋆d
∇b), Jhv) ,
if Jh is the almost-complex structure induced by h.
Recall that d∇b denotes the exterior derivative, which is the 2-form with
values in TS defined by:
(2) d∇b(v,w) = ∇v(b(w)) −∇w(b(v)) − b[v,w] ,
where v and w are any two vector fields. Furthermore, ⋆d∇b is the Hodge
dual of the 2-form d∇b, which can be defined as
⋆d∇b = d∇b(v1, v2) ,
where {v1, v2} is an oriented orthonormal frame (and this expression does
not depend on the chosen oriented orthonormal frame).
Proof of Lemma 2.9. Observe that b−1∇b is a connection on S compatible
with the metric h′ — but not symmetric in general. Hence the difference
between ∇′ and b−1∇b is a 1-form with values in the bundle of h′-skew-
symmetric endomorphisms of TS. Hence we can write
∇′vw = b
−1∇vb(w) + α(v)Jh′(w) ,
where α is a 1-form and
(3) Jh′ = b
−1Jhb
is the almost-complex structure induced by the metric h′. Then from the
definitions, we have
d∇b(v,w) = ∇vb(w)−∇wb(v) − b[v,w]
= (b∇′vw − α(v)bJh′(w)) − (b∇
′
wv − α(w)bJh′(v))− b[v,w]
= b(∇′vw −∇
′
wv − [v,w]) − α(v)Jhb(w) + α(w)Jhb(v)
= −α(v)Jhb(w) + α(w)Jhb(v) ,
since we are assuming ∇′ is torsion-free.
Let us choose an oriented orthonormal frame {v1, v2} for h. Recall that
the Hodge dual of the 2-form d∇b equals ⋆d∇b = d∇b(v1, v2). Then
⋆d∇b = −α(v1)JhbJh(v1)− α(v2)JhbJh(v2)
= −(JhbJh)(α(v1)v1 + α(v2)v2) .
Therefore, for every vector v,
α(v) = −h((JhbJh)
−1(⋆d∇b), v)
= −h(Jhb
−1Jh(⋆d
∇b), v)
= h(b−1Jh(⋆d
∇b), Jhv) .
This concludes the proof. 
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Using Equation (1), we can now express the 1-form ηψ,b in the following
way: if {v1, v2} is an oriented orthonormal frame, then:
ηψ,b(w) = ω
′(w)− ω(w)
= h′(∇′wb
−1v1, b
−1v2)− h(∇wv1, v2)
= h(b∇′wb
−1v1, v2)− h(∇wv1, v2)
= h(α(w)Jhv1, v2) = α(w) ,
since Jhv1 = v2, and we have used Equation (3). Therefore, using Lemma
2.9, we have the following:
Corollary 2.10. Given two hyperbolic metrics h and h′ on S with area
forms Ωh and Ωh′, a symplectomorphism ψ ∈ Symp0(S,Ωh,Ω
′
h), and a
smooth section b of Isom(TS,ψ∗h′, h),
(4) ηψ,b = h(b
−1Jh(⋆d
∇b), Jh·) ,
Observe that, from Equation (4), ηψ,b vanishes if and only if ⋆d
∇b vanishes
identically, which is equivalent to d∇b = 0. Hence from Corollary 2.10, we
obtain:
Corollary 2.11. Given two hyperbolic metrics h and h′ on S with area
forms Ωh and Ωh′, a symplectomorphism ψ ∈ Symp0(S,Ωh,Ω
′
h), and a
smooth section b of Isom(TS,ψ∗h′, h),
ηψ,b = 0 if and only if d
∇b = 0 .
The group structure. Let us now study how the map Ch,h′ (defined in Def-
inition 2.8) transforms under composition of symplectomorphisms. In par-
ticular, this will prove that Ch,h : Symp0(S,Ωh) → H
1
dR(S,R)/H
1
dR(S, 2πZ)
is a group homomorphism.
Lemma 2.12. Let h and h′ be hyperbolic metrics on S. Then for ψ ∈
Symp0(S,Ωh) and ψ̂ ∈ Symp0(S,Ωh,Ωh′),
Ch,h′(ψ̂ ◦ ψ) = Ch,h(ψ) + Ch,h′(ψ̂) .
Proof. Let b and b̂ be smooth sections of End(TS) such that ψ̂∗h′ = h(̂b·, b̂·)
and ψ∗h = h(b·, b·). Let us denote ψ∗b̂ = (dψ)−1b̂(dψ). Then ψ∗b̂ ∈
Γ∞(IsomΣ(ψ
∗h, ψ∗ψ̂∗h′)) and
(ψ̂ψ)∗h′ = h((b ◦ ψ∗b̂)·, (b ◦ ψ∗b̂)·) .
To compute [η
ψ̂ψ
], let us pick an orthonormal frame {v1, v2} for h, let ω be
the associated connection form and ω′′ the connection form of (ψ̂ψ)∗h′ with
respect to the frame {(b ◦ψ∗b̂)−1v1, (b ◦ψ
∗b̂)−1v2}. Let ω
′ be the connection
form of ψ∗h for the frame {b−1v1, b
−1v2}. Then
η
ψ̂ψ,(b◦ψ∗ b̂)
= ω′′ − ω = (ω′′ − ω′) + (ω′ − ω) .
Now clearly ω′−ω = ηψ,b. On the other hand, ω
′ and ω′′ are the pull-backs,
via ψ, of the connection forms of h and ψ̂∗h′, and thus ω′′ − ω′ = ψ∗η
ψ̂,̂b
.
This shows that:
η
ψ̂ψ,(b◦ψ∗ b̂)
= ηψ,b + ψ
∗η
ψ̂,̂b
.
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Taking cohomology classes, [ψ∗η
ψ̂,̂b
] = [η
ψ̂,̂b
] since ψ is isotopic to the iden-
tity, and therefore
Ch,h′(ψ̂ ◦ ψ) = Ch,h(ψ) + Ch,h′(ψ̂) ,
which concludes the proof. 
In particular, if we choose h = h′, then Lemma 2.12 shows that, if ψ, ψ̂ ∈
Symp0(S,Ωh),
Ch,h(ψ̂ ◦ ψ) = Ch,h(ψ) + Ch,h′(ψ̂) .
Hence Ch,h : Symp0(S,Ωh)→ H
1
dR(S,R)/H
1
dR(S, 2πZ) is a group homomor-
phism. Moreover, if ψ varies smoothly in Symp0(S,Ωh), then the associ-
ated form [ηψ,b] varies smoothly. Hence Ch,h is smooth, for the structure of
infinite-dimensional Lie group of Symp0(S,Ωh). To summarize, we have:
Corollary 2.13. Given a hyperbolic metric h on S, the map
Ch,h : Symp0(S,Ωh)→ H
1
dR(S,R)/H
1
dR(S, 2πZ)
is a Lie group homomorphism.
The coincidence in the quotient of Flux and Ch,h. In this subsection
we restrict to the case in which the two metrics h and h′ coincide. In
this case, the map Ch,h is a group homomorphism, as already observed.
The main result of this part is the fact that the map Ch,h coincides with
the flux homomorphism, composed with the projection from H1dR(S,R) to
H1dR(S,R)/H
1
dR(S, 2πZ).
Proposition 2.14. Given a hyperbolic metric h on a closed oriented sur-
face S, let Ωh be the induced area form. Then the following diagram is
commutative:
(5) Symp0(S,Ωh)
Flux
//
Ch,h ))❚❚
❚
❚
❚
❚
❚
❚
❚
❚
❚
❚
❚
❚
❚
H1dR(S,R)
pi

H1dR(S,R)/H
1
dR(S, 2πZ)
Surprisingly, Proposition 2.14 implies that the homomorphism Ch,h (when
the two hyperbolic metrics coincide) does not depend on the hyperbolic
metric h, but only on its area form Ωh.
To prove Proposition 2.14, we will first prove that the two maps coincide
at the infinitesimal level. Recall that the Lie algebra symp(S,Ωh) consists
of smooth vector fields satisfying divX = tr∇X = 0. The exponential map
exp : symp(S,Ωh)→ Symp0(S,Ωh) coincides with the flow of the vector field
X, namely exp(tX) = ψt ∈ Symp0(S,Ωh) where
d
dt
ψt = X ◦ ψt .
Moreover, since H1dR(S, 2πZ) is discrete, the tangent space to the quotient
H1dR(S,R)/H
1
dR(S, 2πZ) at the identity element is naturally identified with
H1dR(S,R) itself. With this convention:
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Lemma 2.15. Let X ∈ symp(S,Ωh), and let ψt ∈ Symp0(S,Ωh) be the flow
of X. Then
d
dt
∣∣∣∣
t=0
Ch,h(ψt) = [Ωh(X, ·)] .
Proof. In order to compute Ch,h(ψt), recall that Ch,h is defined as the class
of the 1-form ηψt,bt , where we can choose a smoothly varying family bt ∈
Isom(TS,ψ∗t h, h).
First of all, observe that, by differentiating the condition
h(dψt·, dψt·) = h(bt·, bt·)
we obtain that
h(∇vX,w) + h(v,∇wX) = h(b˙(v), w) + h(v, b˙(w)) ,
where
b˙ =
d
dt
∣∣∣∣
t=0
bt
and as usual ∇ is the Levi-Civita connection of h. In other words, the
symmetric part of the operators ∇X and b˙ coincide. Since ψt preserves the
area, the generating field X is divergence-free, that is tr∇X = 0. On the
other hand, since det bt = 1, we have tr b˙ = 0. Therefore there exists a
function f : S → R such that
∇X = b˙+ fJh ,
where Jh is the almost-complex structure determined by the metric h. Now,
let us take exterior derivatives, applied to an othonormal frame {v1, v2}.
Using that the curvature of h is identically −1, one obtains
d∇(∇X)(v1, v2) = JhX ,
while on the other hand, using that Jh is parallel (namely ∇Jh = 0), we
have
d∇(fJh)(v1, v2) = −df(v1)v1 − df(v2)v2 = − grad f .
Hence we have the following formula for the Hodge duals, which will be used
later in the proof:
(6) ⋆ d∇b˙ = JhX − grad f .
Now from Corollary 2.10, we have:
d
dt
∣∣∣∣
t=0
ηψt,bt =
d
dt
∣∣∣∣
t=0
h(b−1t Jh(⋆d
∇bt), Jh·)
Recall that b0 is the identity operator, hence d
∇b0 = 0. Hence
d
dt
∣∣∣∣
t=0
ηψt,bt = h(Jh(⋆d
∇b˙), Jh·)
= h(⋆d∇b˙, ·)
= h(JhX − grad f, ·)
= Ωh(X, ·) + df .
This shows that [
d
dt
∣∣∣∣
t=0
ηψt,bt
]
= [Ωh(X, ·)] ,
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and thus concludes the proof. 
The proof of Proposition 2.14 will be a consequence of the following lemma
about (infinite-dimensional) Lie groups.
Lemma 2.16. Let G and H be Lie groups, possibly of infinite dimension.
Let F1, F2 : G→ H be Lie group homomorphism and let (F1)∗, (F2)∗ : g→ h
be the induced Lie algebra homomorphisms. If (F1)∗ = (F2)∗, then F1 = F2.
Let us now conclude the proof of Proposition 2.14.
Proof of Proposition 2.14. Observe that both π ◦ Flux and Ch,h (the latter
by Corollary 2.13) are Lie groups homomorphisms from Symp0(S,Ω) to
H1dR(S,R)/H
1
dR(S, 2πZ). In Lemma 2.15, we showed that the differential
of Ch,h is
(Ch,h)∗(X) = [Ωh(X, ·)] ∈ H
1
dR(S,R) ,
for any X ∈ symp(S,Ωh). On the other hand, observe that ψt = exp(tX),
where X is the generating vector field of the 1-parameter subgroup ψt, and
exp is the Lie group exponential map of Symp0(S,Ωh). Hence, by definition
Flux(ψt) =
∫ 1
0
[Ωh(tX, ·)]ds = t[Ωh(X, ·)] .
Therefore
(Flux)∗(X) =
d
dt
∣∣∣∣
t=0
Flux(ψt) = [Ωh(X, ·)] .
By appying Lemma 2.16, the proof follows. 
The following is a direct consequence of Proposition 2.14 and the fact that
H1dR(S, 2πZ) is discrete in H
1
dR(S,R):
Corollary 2.17. Given a hyperbolic metric h on the closed oriented sur-
face S, the connected component of the identity in Ker(Ch,h) coincides with
Ham(S,Ωh), where Ωh is the area form induced by h.
3. Application to Anti-de Sitter geometry
In this section, we will start by providing the necessary preliminary no-
tions on Anti-de Sitter geometry, from the basic definitions concerning Anti-
de Sitter space. Then we will show how a symplectomorphism of hyperbolic
surfaces is associated to equivariant surfaces in Anti-de Sitter space, with
the special case of minimal Lagrangian diffeomorphisms. We conclude with
the proof of our main result and some remarks.
Anti-de Sitter space. Let κ be the Killing form on the Lie group PSL2R,
which is a bi-invariant bilinear form on the Lie algebra sl2R of signature
(2, 1). The bilinear form κ induces a Lorentzian metric on PSL2R, which we
will denote by gκ. Then Anti-de Sitter space of dimension 3 is defined as:
AdS3 :=
(
PSL2R,
1
8
gκ
)
.
Therefore AdS3 is a Lorentzian manifold, homeomorphic to a solid torus,
of constant sectional curvature. It turns out that, due to the normalization
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factor 1/8, its sectional curvature is −1. From the construction, it follows
that the identity component of the isometry group of AdS3 is:
Isom0(AdS
3) = PSL2R× PSL2R ,
where (α, β) ∈ PSL2R× PSL2R acts on AdS
3 by
(α, β) · γ = α ◦ γ ◦ β−1 .
The group PSL2R is isomorphic to the group of orientation-preserving isome-
tries of H2, the hyperbolic plane which we consider in the upper-half plane
model:
H2 :=
(
{z ∈ C | ℑ(z) > 0},
|dz|
ℑ(z)
)
.
Then, using the structure of the isometry group, one can show the following
fact, which will be of fundamental importance in this paper. We recall that
a differentiable curve γ : I → AdS3 is timelike if gκ(γ˙, γ˙) < 0 at every point
γ(t), spacelike if gκ(γ˙, γ˙) > 0, and lightlike if gκ(γ˙, γ˙) = 0.
Fact 3.1. There is a 1-1 correspondence
{timelike geodesics in AdS3} ↔ H2 ×H2 ,
which is defined by associating to (x, y) ∈ H2 ×H2 the timelike geodesic
(7) Lx,y := {γ ∈ PSL2R | γ(y) = x} .
This correspondence is equivariant with respect to the action of PSL2R ×
PSL2R on H
2 × H2 by isometries of H2 on each factor, and on the set of
timelike geodesics induced by isometries of AdS3.
Indeed, Lx0,x0 is a closed timelike geodesic for every x ∈ H
2, since it is a
maximal compact subgroup of the Lie group PSL2R, hence the restriction of
the bilinear form is negative definite. It is a geodesic since it is a 1-parameter
group, and the Riemannian exponential map coincides with the Lie group
exponential map for bi-invariant metrics as gκ is. It also turns out that the
length of Lx0,x0 is π, and the arclength parameter is 1/2 the angle of rotation
of elliptic elements of PSL2R fixing x0.
The equivariance of such 1-1 correspondence can be easily checked, since:
(α, β) · Lx,y = Lα(x),β(y) .
This also shows that every timelike geodesic of AdS3 is of the form Lx,y for
some x, y, since it is the image of Lx0,x0 under some isometry (α, β) of AdS
3.
There is a natural notion of boundary at infinity of Anti-de Sitter space,
topologically a torus, which is defined in the following way:
∂∞AdS
3 := RP1 × RP1 ,
where we declare that a sequence γn ∈ PSL2R converges to a pair (p, q) ∈
RP1 × RP1 if and only if there exists a point x ∈ H2 such that:
(8)
{
γn(x)→ p
γ−1n (x)→ q
.
It is not difficult to check that, if Equation (8) holds for some point x ∈ H2,
then it holds for every other point x′ ∈ H2. It also turns out that every
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isometry of AdS3, of the form (α, β) ∈ PSL2R × PSL2R, extends to the
boundary, with the obvious action of (α, β) on RP1 ×RP1.
From invariant spacelike surfaces to symplectomorphisms of hy-
perbolic surfaces. Recall that in this paper S denotes a closed oriented
hyperbolic surface of Euler characteristic χ(S) < 0. A smoothly embedded
surface Σ in AdS3 is spacelike if its induced metric is a Riemannian metric.
One of the main objects of this paper will be spacelike surfaces Σ which are
preserved by a representation
ρ : π1(S)→ PSL2R× PSL2R ,
which acts freely and properly discontinously on Σ. Following Mess, there
is a precise description of these objects:
Fact 3.2 ([Mes07]). Suppose Σ is a smooth spacelike surface in AdS3 and
ρ = (ρl, ρr) : π1(S)→ PSL2R× PSL2R ,
is a representation which acts freely and properly discontinously on Σ. Then:
• The representations ρl : π1(S) → PSL2R and ρr : π1(S) → PSL2R
are Fuchsian, that is, each of them acts freely and properly disconti-
nously on H2.
• The frontier ∂∞Σ of Σ in ∂∞AdS
3 ∼= RP1 ×RP1 is the graph of the
unique ρl-ρr-equivariant homeomorphism of RP
1.
In general, given two representations ρ1 and ρ2, we say that a map f is ρ1-
ρ2-equivariant if, f ◦ρ1(τ) = ρ2(τ) ◦ f for every τ . If ρl and ρr are Fuchsian,
it is well-known that there exists a unique homeomorphism f : RP1 → RP1
which is ρl-ρr-equivariant, which is obtained as the value induced on RP
1 =
∂∞H
2 by the lift to H2 of any diffeomorphism between the quotient closed
surfaces H2/ρl(π1(S)) and H
2/ρr(π1(S)) isotopic to the identity.
Hence, let ρl and ρr be Fuchsian representations, so that the oriented topo-
logical surface S is homeomorphic to the hyperbolic surfaces H2/ρl(π1(S))
and H2/ρr(π1(S)). We will denote by h and h
′ the hyperbolic metrics in-
duced on S in this way. We will now define the symplectomorphism
φΣ : (S,Ωhl)→ (S,Ωhr) ,
where Ωhl and Ωhr are the area forms induced by the metrics hl and hr and
by the orientation of S. For this purpose, consider the map
(9) ιΣ : Σ→ H
2 ×H2 ,
which maps γ ∈ Σ to the pair (x, y) which represents the unique timelike
geodesic orthogonal to Σ at γ, using Fact 3.1. Let πl, πr : H
2 × H2 → H2
denote the projections on the first and second factor. Then we have:
Fact 3.3 ([KS07],[BS10],[BS16]). Given two Fuchsian representations ρl and
ρr and any smooth spacelike surface Σ in AdS
3 invariant by the representa-
tion
ρ = (ρl, ρr) : π1(S)→ PSL2R× PSL2R ,
• For γ ∈ Σ, if the curvature of the induced metric on Σ is different
from zero at γ, then πl ◦ ιΣ and πr ◦ ιΣ are local diffeomorphisms in
a neighborhood of γ.
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• If the curvature of the induced metric on Σ is everywhere different
from zero, then πl ◦ ιΣ and πr ◦ ιΣ are global diffeomorphisms which
extend to homeomorphisms from ∂∞Σ to RP
1.
• In this case, the composition
φ˜Σ = (πr ◦ ιΣ) ◦ (πl ◦ ιΣ)
−1
induces a symplectomorphism
φΣ : (S,Ωhl)→ (S,Ωhr)
isotopic to the identity, where Ωhl and Ωhr are the area forms of hl
and hr.
In the second point, we remark that, since Σ is invariant by ρ(π1(S))
with quotient homeomorphic to the closed surface S, with χ(S) < 0, by the
Gauss-Bonnet formula the curvature of the induced metric is always different
from zero if and only if it is negative everywhere.
For the last point, it follows from the definitions that πl ◦ ιΣ is ρ-ρl-
equivariant, and πr ◦ ιΣ is ρ-ρr-equivariant, hence the composition (πr ◦ ιΣ)◦
(πl ◦ ιΣ)
−1 induces a map in the quotient from (S, hl) = H
2/ρl(π1(S)) to
(S, hr) = H
2/ρr(π1(S)).
In [BS10] and [BS16], some more precise properties of the map φΣ were
given. That is:
Fact 3.4. Given two Fuchsian representations ρl and ρr and any smooth
spacelike surface Σ in AdS3 invariant by the representation
ρ = (ρl, ρr) : π1(S)→ PSL2R× PSL2R ,
let φΣ : (S,Ωhl) → (S,Ωhr) be the associated symplectomorphism. Then
there exists a smooth section b ∈ Γ∞(End(TS)) such that:
(1) φ∗Σhr = hl(b·, b·);
(2) det b = 1;
(3) d∇lb = 0, where ∇l is the Levi-Civita connection of the metric hl;
(4) tr b 6= −2.
We recall again that, for a connection ∇, d∇b is a 2-form with values in
TS, defined in Equation (2).
Remark 3.5. Let us make some comments on these conditions. Condition
(1) is equivalent to saying that b is a smooth section of the subbundle
Isom(TS, φ∗Σhr, hl), whose fiber over the point x ∈ S consists of the lin-
ear isometries bx : (TxS, φ
∗
Σhr)→ (TxS, hl).
First, such a section b is not uniquely determined. In fact, if b satisfies
the conditions (1) and (2), then R ◦ b still satisfies (1) and (2), where R ∈
Γ∞(Isom(TS, hl, hl)) — that is, the tensor b can be post-composed with an
isometry of the metric hl at any point. Conditions (1) and (2) imply that
φΣ preserves the area forms of hl and hr, hence φΣ : (S,Ωhl) → (S,Ωhr) is
a symplectomorphism.
Further, if b satisfies (1), (2) and (3), then for any number θ0 ∈ (0, 2π)
also the section Rθ0 ◦ b satisfies (1), (2) and (3), where
Rθ0 = (cos θ0)id + (sin θ0)Jhl ∈ Γ
∞(Isom(TS, hl, hl))
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is the section which at every point x ∈ (S, hl) rotates TxS counterclockwise
of an angle θ0, for the metric hl. (Here Jhl is the almost-complex structure
induced by the metric hl.) Finally, as condition (4) is an open condition, if
b satisfies (1), (2), (3) and (4), then Rθ0 ◦ b still satisfies (1), (2), (3) and (4)
for small θ0.
Finally, we sketch an argument explaining why Fact 3.4 is true. On the
metric universal cover H2 of (S, hl), a particular section b˜ ∈ Γ
∞(End(TH2))
satisfying the above properties can be constructed explicitly as
(10) b˜ = (id + JΣBΣ)
−1 ◦ (id− JΣBΣ) ,
where BΣ is the shape operator, and JΣ is the almost-complex structure of
the first fundamental form, both computed with respect to the embedding
σ := (πl ◦ ιΣ)
−1 : H2 → AdS3 .
It can be checked that b˜ is ρl-invariant, and thus it defines a section b ∈
Γ∞(End(TS)), which always satisfies (1), (2), (3) and (4). See [BS16, Propo-
sition 4.9] for more details.
Minimal Lagrangian diffeomorphisms. A particular example of the
above correspondence occurs when Σ is a maximal surface, that is, its
shape operator BΣ satisfies trBΣ ≡ 0. In this case, the associated map
φΣ : (S, hl) → (S, hr) will be minimal Lagrangian, namely, it is a symplec-
tomorphism for the induced area forms Ωhl and Ωhr , and the graph of φΣ is
a minimal surface in (S × S, hl ⊕ hr). Hence this is a notion which depends
on the hyperbolic metrics hl and hr, not only on the symplectic form. The
term Lagrangian comes from the fact that, if φΣ is a symplectomorphism,
then the graph of φΣ is a Lagrangian surface in the symplectic manifold
(S × S, π∗l Ωhl − π
∗
rΩhr).
Recall that an operator b ∈ Γ∞(End(TS)) is h-self-adjoint, for h a Rie-
mannian metric on S, if
h(b·, ·) = h(·, b·) .
The correspondence between maximal surfaces and minimal Lagrangian dif-
feomorphisms is consequence of the following characterization (see [Lab92]):
Lemma 3.6. Let hl and hr be hyperbolic metrics on S. Then φML : (S, hl)→
(S, hr) is minimal Lagrangian if and only if there exists a smooth hl-self-
adjoint section bL ∈ Γ
∞(End(TS)) such that:
(1) φ∗Σhr = hl(bL·, bL·);
(2) det bL = 1;
(3) d∇lbL = 0, where ∇l is the Levi-Civita connection of the metric hl.
In this case, the tensor bL (which is unique) is called Labourie operator.
Hence we have the following:
Fact 3.7. Given two Fuchsian representations ρl and ρr, if Σ0 is a maximal
surface in AdS3 invariant by the representation
ρ = (ρl, ρr) : π1(S)→ PSL2R× PSL2R ,
then the associated diffeomorphism φΣ0 : (S, hl) → (S, hr) is minimal La-
grangian.
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The proof of Fact 3.7 follows from checking that the tensor b defined
in Equation (10) is hl-self-adjoint if Σ0 is a maximal surface, that is, if
trBΣ0 ≡ 0. See [BS10].
The following is a theorem of existence and uniqueness of minimal La-
grangian maps isotopic to the identity between any two compact oriented
hyperbolic surfaces. It was proved in [Lab92] and [Sch93], and it can also be
inferred from the existence and uniqueness of the invariant maximal surface
Σ0, see [BBZ07] and [BS10].
Theorem 3.8. Given any two hyperbolic metrics h, h′ on the compact ori-
ented surface S, there exists a unique minimal Lagrangian diffeomorphism
φML : (S, h)→ (S, h
′) isotopic to the identity.
Proof of the main theorem. Let us now prove the main result of this pa-
per, which was already stated in the introduction. As usual, given two
Fuchsian representations ρl, ρr : π1(S) → PSL2R, we denote (S, hl) =
H2/ρl(π1(S)) and similarly (S, hr) = H
2/ρr(π1(S)), and Ωhl and Ωhr are
the induced area forms.
Theorem 3.9. Let ρl, ρr : π1(S) → PSL2R be Fuchsian representations
and let Σ ⊂ AdS3 be a smooth, embedded spacelike surface invariant for
the representation ρ = (ρl, ρr) : π1(S) → Isom0(AdS
3), whose curvature is
negative. Then
φΣ = φML ◦ ψ ,
where
• φΣ : (S,Ωhl)→ (S,Ωhr) is the diffeomorphism associated to Σ;
• φML : (S, hl)→ (S, hr) is the unique minimal Lagrangian diffeomor-
phism isotopic to the identity;
• ψ is a Hamiltonian symplectomorphism, for the area form Ωhl.
Proof. Let ψ = φ−1ML ◦ φΣ. Let b the section of Isom(TS, φ
∗
Σhr, hl) given by
Fact 3.4, and bL the analogous section for φML, which was also introduced
in Lemma 3.6. Using Lemma 2.12, we have
Ch,h′(φΣ) = Ch,h′(φML) + Ch,h(ψ) .
Now, since d∇lb = d∇lbL = 0 by Fact 3.4 (and Lemma 3.6), using Corollary
2.11 we have ηφΣ,b = ηφML,bL = 0, hence Ch,h′(φΣ) = Ch,h′(φML) = 0 and
therefore Ch,h(ψ) = 0. From Definition 2.8 and Proposition 5, this implies
that Flux(ψ) ∈ H1dR(S, 2πZ).
On the other hand, consider the maximal surface Σ0 invariant by the
representation ρ (as in Fact 3.7). By the results in [Mes07], the surfaces Σ
and Σ0 induce closed embedded surfaces in a (so-called maximal globally
hyperbolic) three-manifold M homeomorphic to S × R. Let us call Σ and
Σ0 be the surfaces induced in the quotient. Both Σ and Σ0 are homotopic
to S × {⋆}. Hence one can find a smooth isotopy ft : S → M which is a
homotopy equivalence at every time t, such that f0(S) = Σ0, and f1(S) = Σ,
and ft(S) is a smooth spacelike surface for every t. Lifting to AdS
3, the
surfaces Σt which project to ft(S) induce maps φΣt which vary smoothly. If
we put φΣt = φML◦ψt, the corresponding classes Flux(ψt) vary smoothly, and
are all in H1dR(S, 2πZ) by the same argument as the first part of this proof.
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Moreover, ψ0 is the identity, and therefore Flux(ψ0) = 0. Since H
1
dR(S, 2πZ)
is discrete, it then follows that Flux(ψ1) = Flux(ψ) = 0. Hence by Theorem
2.3, ψ is Hamiltonian. This concludes the proof. 
Let us remark that the second part is exactly in the spirit of Corollary
2.17, by using the fact that there is a smooth interpolation between φΣ
and φML. By specializing to the case in which the two hyperbolic metrics
coincide, we get the following:
Corollary 3.10. Given a Fuchsian representation ρ0 : π1(S)→ PSL2R, let
φΣ : H
2/ρ0(π1(S))→ H
2/ρ0(π1(S))
be a symplectomorphism induced by a smooth embedded spacelike surface
Σ ⊂ AdS3 invariant by (ρ0, ρ0)(π1(S)) < PSL2R × PSL2R. Then φΣ is
Hamiltonian.
Reconstructing smooth spacelike surfaces. We conclude by a discus-
sion about the question whether the condition that φ = φML ◦ ψ for a sym-
plectomorphism φ : (S, hl)→ (S, hr), where φML is minimal Lagrangian and
ψ is Hamiltonian, is also sufficient to obtain φ as the symplectomorphism
associated to an invariant surface in AdS3. In fact, by Theorem 3.9 this is
a necessary condition.
Using the tools from [BS16], given a symplectomorphism φ : (S,Ωl) →
(S,Ωr) and any section b ∈ Γ(Isom(TS, φ
∗hr, hl)), a map σφ,b : H
2 → AdS3
can be reconstructed explicitly, such that σφ,b is equivariant for the action
of ρl : π1(S)→ PSL(2,R) on H
2 and of the pair ρ = (ρl, ρr) on AdS
3.
The map σφ,b : H
2 → AdS3 is defined by the condition that σφ,b(x) is
the unique isometry σ ∈ PSL(2,R) (recalling that AdS3 is the Lie group
PSL(2,R)) such that
(11)
{
σ(φ(x)) = x
dσφ(x) ◦ dφx = −bx
.
Moreover, such map is orthogonal to the foliation in timelike lines of the
form Lx,φ(x) provided b satisfies d
∇lb = 0 ([BS16, Corollary 5.7]), but in
general it is not an immersion.
Therefore, given a section b ∈ Γ(Isom(TS, φ∗hr, hl)), suppose [ηφ,b] =
0 ∈ H1dR(S,R). (This assumption is satisfied if φ = φML ◦ ψ, for φML :
(S, hl)→ (S, hr) the minimal Lagrangian diffeomorphism and ψ : (S,Ωl)→
(S,Ωl) Hamiltonian, by an argument similar to above.) Then by the same
argument of the proof of Lemma 2.6, one can find a function θ : S → R
such that ηφ,Rθb = 0, which is equivalent to d
∇l(Rθb) = 0 by Corollary 2.11.
If σφ,Rθb is an embedding, then the image Σ = σφ,Rθb(H
2) is a smoothly
embedded spacelike surface, invariant by the representation ρ = (ρl, ρr),
whose associated map is φ.
However, the map σφ,Rθb can be singular. Observe also that the function
θ is not uniquely determined, but there are possible choices which differ by
adding a constant. In general, σφ,Rθb might be non-singular only for some
of these choices of θ (i.e. up to adding a constant function).
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In [BS17], the authors showed that such a map σφ,Rθb always lifts to
an embedding into the future timelike unit tangent bundle of the univer-
sal cover A˜dS3. Finally, let us remark that if one picks a section b ∈
Γ(Isom(TS, φ∗hr, hl)) such that [ηφ,̂b] ∈ H
1
dR(S, 2πZ), then one can still de-
fine a map σ
φ,̂b
as in Equation (11). However, σφ,b and σφ,̂b will lift to maps
from H2 → A˜dS3 which are equivariant for different lifts to Isom(A˜dS3) of
the representation ρ : π1(S)→ Isom(AdS
3).
Lemma 2.1 in [BS17] shows that all the ρl-ρ-equivariant embeddings into
AdS3 lift to embeddings into A˜dS3 which are equivariant for the same lift
of ρ. This implies that the map σ
φ,̂b
will never be an embedding if [η
φ,̂b
] ∈
H1dR(S, 2πZ) but [ηφ,̂b] 6= 0.
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